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We study the asymptotic behavior of the bulk spacetimes with the negative cosmological constant
in the context of the brane-world scenario. We show that, in Euclidean bulk, or in Lorentzian
static bulk, some sequences of hypersurfaces with the positive Ricci scalar evolve to the warped
geometries like the anti-de Sitter spacetime. Based on the AdS/CFT correspondence, we discuss
that the positivity of the Ricci scalar is related to the stability of CFT on the brane. In addition,
the brane-world is described from the holographic point of view. The asymptotic local structure of
the conformal infinity is also investigated.
I. INTRODUCTION
The recent progress of M/String theory suggests a new
picture that our universe is described by a domain wall in
a higher dimensional spacetime. The simplest and com-
prehensive model have been proposed by Randall and
Sundrum [1,2]. Therein our universe is realised as the
three-brane (four-dimensional Minkowski spacetime) em-
bedded in the five-dimensional anti-de Sitter (AdS) bulk
spacetime.
The brane has the fine-tuned non-zero tension to can-
cel the bulk cosmological constant. One might expect
that the brane inherits the gravity from the higher-
dimensional bulk spacetime. We can, however, check that
the gravity is indeed localised on the brane; namely the
usual Newton law of gravitation is realised at least on the
low energy scales [1–6]. There is also the exact cosmolog-
ical solution based on the brane-world scenario, which is
given by the domain wall motion in the five-dimensional
Schwarzshild–AdS spacetime [7,8]. The warped compact-
ification is also used in the holographic renormalisation
[9]. In the same sense as Witten suggested, the brane-
world contains the aspect of the AdS/CFT correspon-
dence [10], in which the bulk graviton is identical to CFT
with the cut-off on the brane [6,11–13].
In this brane-world scenario, the warped geometry is
essential for the mass hierarchy problem [1] and the local-
isation of gravity [2]. This is also preferred for the cos-
mological constant problem [14]. This mechanism can
be contrasted with that of the inflationary scenario, in
which the rapid cosmological expansion in the early uni-
verse resolves the homogeneity, horizon and flatness prob-
lems [15]. It is believed that an initially inhomogeneous
universe evolves to a homogeneous isotropic state dur-
ing the inflation. In other words, there is the so-called
cosmic no-hair (baldness) conjecture, which states that
all expanding universes approach at least locally the de
Sitter spacetime, if there is a positive cosmological con-
stant. The cosmic no-hair conjecture is confirmed in sev-
eral cases [16,17].
Bearing the inflation in mind, one might expect that
the warped geometry of the brane-world model is the gen-
eral effect of the negative cosmological constant; namely,
the bulk spacetime might be governed by the AdS no-
hair theorem in some sense, and this is the subject we
consider here. We will adopt the following geometrical
approach; the brane-world is just the slicing of hyper-
surfaces in asymptotically AdS spacetimes. The slice or
several slices are regarded as the branes where we or hid-
den matters are living. The extrinsic curvature deter-
mines the matter distribution including the tension on
the brane. In this geometrical picture, it is important to
study the general features of asymptotic structure.
This paper is organised as follows. In section II we
show that the bulk geometry foliated by probe branes
with positive or zero Ricci curvature approaches the stan-
dard AdS form asymptotically in the cases of the static
bulk and the Euclidean bulk. Then, we consider the va-
lidity of the assumption R ≥ 0, and discuss the relation
to the AdS/CFT correspondence. In section III, we also
show the asymptotic local structure of the conformal in-
finity. The features obtained there are appropriate for
the mass hierarchy problem and so on.
II. NO-HAIR AND ADS/CFT
Our strategy is as follows: First, we consider the full
geometry regardless of the branes. Then, choosing slices
appropriately, we may be able to identify them with the
branes where we or hidden matters are living. After
some cutting and pasting, this results in the brane-world
model.
1
A. The No-Hair
First of all, we show that the bulk geometry “evolve” to
the AdS spacetime. Here we consider the “evolution” of
the bulk in the Euclidean case∗ and the Lorentzian static
case. The discussion in this subsection is reminiscent
of the Wald’s cosmic no-hair theorem for homogeneous
universe with negative Ricci spatial curvature (namely,
except for the Bianchi IX model) [17].
We assume that the bulk is foliated by the geodesic
slices†:
(5)gabdx
adxb = dy2 + gµν(y, x)dx
µdxν , (1)
where {xµ} = {x0, · · · , x3} and y = x4 is the coordinate
of the extra dimension. We have two basic equations:
One is the equation for the trace of the extrinsic curva-
ture, K;
K˙ =
4
ℓ2
− 1
4
K2 − σµνσµν , (2)
where the dot denotes the derivative with respect to y,
and
σµν = Kµν − 14gµνK (3)
is the trace-free part of the extrinsic curvature. Another
is the Hamiltonian constraint:
R− 3
4
K2 + σµνσ
µν = −12
ℓ2
. (4)
In the above derivations, we have assumed the five-
dimensional Einstein equation for the bulk:
(5)Rab − 12 (5)gab(5)R = −
6
ℓ2
(5)gab. (5)
In the Euclidean, and the Lorentzian static cases‡, we
can see that the inequality
σµνσ
µν ≥ 0 (6)
holds. Using Eq (2) together with the above inequality
and assuming R ≥ 0 and K > 0 (y = y0 chosen arbitrar-
ily), we obtain
∗For example, the holographic renormalisation group and
the AdS/CFT correspondence are often formulated in the
Euclidean spacetime which offers the regular boundary con-
dition. In this sense, the consideration of the Euclidean bulk
is significant. In general, we may expect that the considera-
tion of the Euclidean region gives us the relevant boundary
condition [18].
†We know that this foliation can work very well locally. But,
in general cases, we cannot use it globally because the focusing
point occurs due to the presence of inhomogeneities.
‡In the static case, σ0i = 0 for i = 1, 2, 3.
K → 4
ℓ
. (y → +∞) (7)
The Hamiltonian constraint (4) therefore implies
σµν → 0. (y → +∞) (8)
From Eqs (7) and (8), the metric of slices behaves as
gµν(y, x)→ e(y−y0)/ℓhµν(y0, x). (y → +∞) (9)
Then we naively conclude that the bulk geometry evolve
toward the warped geometries like the AdS spacetime.
Since the metric of the terminal hypersurface {y = y0} is
not fixed in the above argument, the bulk geometry does
not necessarily evolve to the exact AdS.
This theorem can be easily extended to the cases with
bulk fields: Eqs (2) and (4) are modified as
K˙ =
4
ℓ2
− 1
4
K2 − σµνσµν
− κ25
(
T
(bulk)
ab − 13 (5)gabT (bulk)
)
nanb, (10)
and
R− 3
4
K2 + σµνσ
µν + 2κ25T
(bulk)
ab n
anb = −12
ℓ2
, (11)
where n = ∂y, and we have used
(5)Rab − 12 (5)gab(5)R = −
6
ℓ2
gab + κ
2
5T
(bulk)
ab . (12)
If we suppose the additional conditions
T
(bulk)
ab n
anb ≥ 0 (13)
and
(
T
(bulk)
ab − 13 (5)gabT (bulk)
)
nanb ≥ 0, (14)
then we obtain the similar theorem. The condition Eq
(13) is naively identical with the reasonable condition
that the effective pressure is positive in the bulk. On the
other hand, the condition Eq (14) requires the condition
ρ−P ≥ 0 for the effective pressure P and energy density
ρ in the bulk.
We have assumed that R ≥ 0 holds to show the AdS
no-hair theorem. In the next subsection, we examine this
assumption in several aspects.
Finally we describes two examples for no-hair argu-
ment. (i) five-dimensional Schwarzshild-AdS spacetime:
The metric is
ds25 = −f(r)dt2 + f−1(r)dr2 + r2dΣ2k, (15)
where f(r) = k − µ/r2 + (r/ℓ)2 and k = 0,±1. Let
us consider the foliation of r = constant hypersurfaces
having the Ricci scalar:
R =
6k
r2
. (16)
2
The trace of extrinsic curvature is
K =
4
ℓ
[
1 +
( ℓ
r
)2
+ · · ·
]
. (17)
The shear becomes
σtt = −3k
4ℓ
( ℓ
r
)2
(18)
and
σij =
k
4ℓ
( ℓ
r
)2
δij . (19)
Regardless of the signature of R, the geometry evolve to
the AdS-like geometry.
(ii)Sol Bianchi VI−1: The metric is [19]
ds25 = −
4
3
r2
ℓ2
dt2 +
3
4
ℓ2
r2
dr2
+
1
2
ℓ2[r2(e2zdx2 + e−2zdy2) + dz2]. (20)
Let us consider the foliation of r = constant hypersur-
faces having the Ricci scalar:
R = − 4
ℓ2
. (21)
The trace of extrinsic curvature is
K = 2
√
3
1
ℓ
. (22)
The Ricci scalar is negative and K does not approach
to the value 4/ℓ. This is a case which will not evolve to
AdS-like geometry.
B. AdS/CFT and the Ricci Curvature on the Brane
To see the signature of the Ricci scalar, R, on each
hypersurfaces, we use the gravitational equation on the
brane [5]. It is derived using the Gauss equation, which
connects the five-dimensional Riemann tensor with that
in four dimensions, and the Israel’s junction condition
[20]:
Gµν = 8πG4Tµν + κ
4
5πµν − Eµν , (23)
where
πµν = −1
4
TµαT
α
ν +
1
12
TTµν
+
1
8
gµνTαβT
αβ − 1
24
gµνT
2 (24)
and
Eµν =
(5)Cµανβn
αnβ . (25)
We set the net cosmological constant on the brane to
be zero. To evaluate Eµν we have to solve it globally
[4,5,21]. The trace part can be written in terms of the
four-dimensional quantities:
R = −8πG4T − κ
4
5
4
(
TµνT
µν − 1
3
T 2
)
(26)
On the other hand, from AdS/CFT, we can obtain the
following effective equation on the brane [6,11–13,22–24]:
Gµν = 8πG4T
µν +
4
ℓ
1√
|g|
(δS(4)ct
δgµν
+
δΓCFT
δgµν
)
, (27)
where ΓCFT is the effective action of CFT living on the
boundary and has the trace anomaly [12,13,22]:
δΓCFT
δgµν
gµν =
ℓ3
16
√
|g|
(
RµνR
µν − 13R2
)
. (28)
The quantity S
(4)
ct is R
2 terms of the counter-term which
makes the action finite. For our purpose, we need not to
write down the explicit form (See Ref. [13].). What we
will use is that δSct/δgµν is traceless. Then, the trace
part of Eq (27) is
R = −8πG4T − ℓ
2
4
(
RµνR
µν − 13R2
)
(29)
Using the Einstein equation, Gµν = 8πG4Tµν , approxi-
mately, we can check that Eq (26) is approximately iden-
tical with Eq (29). It is remarkable that ρ2 terms ap-
peared in the cosmological solution of the brane-world
can be regarded as the non-linear contribution from
CFT§. In the linear order we easily obtain the relation
between the energy-momentum tensor of CFT and a part
of Weyl tensor:
Eµν ≃ −4
ℓ
1√
|g|
δΓCFT
δgµν
. (30)
This has been suggested by Witten and firstly confirmed
by Gubser [11]. The elegant formulation has been done
in Refs. [6,12,13]. This is applied to the cosmology with
large N CFT [25]. The generalised Friedmann equation
has the dark-radiation term, which comes from the mass
term of the five-dimensional Schwarzshild-AdS space-
time. Indeed, we can check that the entropy of the dark
radiation is exactly same as the black-hole entropy [8].
This is a realisation of the AdS/CFT in the brane-world.
From now on we consider the signature of R. For sim-
plicity, we consider the massless scalar field on the brane:
Tµν = ∂µϕ∂νϕ− 12gµν∂λϕ∂λϕ (31)
§Some class of the homogeneous-isotropic cosmological so-
lution is described by the motion of the domain wall in the
five-dimensional AdS spacetime. In this case, Eµν = 0 and
the equation for the scale factor can be derived from Eq (26).
3
T µµ = −∂µϕ∂µϕ ≤ 0 (32)
and
πµµ =
1
6 (∂µϕ∂
µϕ)2 ≥ 0. (33)
In the linear order of Tµν we see that R ≥ 0 holds. How-
ever, πµµ ∼ ρ2 term dominates in the very early universe.
As stated before, πµµ is related to the trace anomaly of
CFT living on the brane. This means that πµµ is quantum
effect in some sense. To check the signature of T µµ and
πµµ , we must consider the concrete model of the matter
on the brane. This seems to be hard task in general.
We may be able to use the Witten-Yau argument
[26,27], where they showed that the boundary with the
positive Ricci scalar will be stable for large y(near the in-
finity). They discussed the fluctuation of the brane which
the mass term of the fluctuation mode is proportional
to the Ricci scalar on the brane. This therefore seems
to justify the assumption of the positive Ricci scalar.
At first glance, however, their argument on the stabil-
ity seems inappropriate for the present purpose, because
they does not include the higher curvature term, R2. For-
tunately, it suddenly turns out that this is not the case
for four-dimensional branes. You can check that, in four-
dimensions, the Witten-Yau argument does not depend
on whether R2 term is included.
One might want to consider only background geometry
because the holographic argument is often concentrated
on the probe brane in the fixed background. In this case,
we can set Tµν = 0, which automatically implies R = 0.
Thus, we can anyway conclude that a no-hair theorem
described here holds at least for the empty brane case.
III. THE CONFORMAL INFINITY AND THE
NO-HAIR
In this section, we assume the existence of the infin-
ity and we briefly consider the detail of the asymptotic
structure of the conformal infinity. Note that we did not
assume the existence in the previous section. To discuss
the geometry near the infinity, we will use the so-called
conformal completion formalism [28–30]. We focus on
the local differential geometrical structure near the in-
finity ∗∗. We do not impose the positive Ricci scalar
condition.
∗∗Apart from asymptotically flat spacetimes [31], the space-
times with the cosmological constant needs the extra assump-
tion to derive the asymptotic symmetry and the conserved
energy [29]. We will not discuss this point.
Definition: †† An n-dimensional spacetime (M, (n)g)
will be said to be asymptotically AdS if there exists a
manifold with boundary, Mˆ , with the metric gˆ such that:
(i) there exists a function Ω on M such that gˆ = Ω2(n)g
on M ; (ii) I = ∂Mˆ and Ω = 0 on I; (iii) (n)g satisfies
(n)Rab − (1/2)(n)gab(n)R + Λ(n)gab = 8πGnTab, where
Ω−(n−1)T ba admits a smooth limit to I and Λ is the neg-
ative cosmological constant.
After some calculations, we can see
nˆµnˆµ = − 2
(n− 1)(n− 2)Λ +
Ω2
n(n− 1) Rˆ+O(Ω
3)
= Nˆ20 +
Ω2
n(n− 1) Rˆ+O(Ω
3) (34)
and
(
∇ˆanˆb − 1
n
(n)gab∇ˆcnˆc
)
(eˆµ)
a(eˆν)
b
= ∇ˆµnˆν − 1
n
(n)ηµν∇ˆαnˆα
= − Ω
n− 2
(
Rˆµν − 1
n
ηµνRˆ
)
+O(Ω2), (35)
where nˆa = gˆab∇ˆbΩ and {eˆµ} are the orthonormal base
vectors of (M, gˆ). Then we can obtain the asymptotic
behavior of the expansion rate Θ and shear Σab (see Ap-
pendix A):
Θ := ∇an¯a
= −(n− 1)Nˆ0 − n+ 1
2n(n− 1)Nˆ0
Ω2Rˆ+O(Ω3) (36)
and
Σµν = Σab(eµ)
a(eν)
b
=
[
qac∇cn¯b − 1
n− 1qab∇cn¯
c
]
(eµ)
a(eν)
b
= O(Ω2), (37)
where {eµ} are the orthonormal base vectors of (M, (n)g),
n¯a is the unit normal vectors defined by
n¯a =
(n)gab∇bΩ
(∇cΩ∇cΩ)1/2
(38)
and qab =
(n)gab−n¯an¯b. From the above formulas, we can
conclude that the geometry near infinity has the similar
structure to that of the AdS spacetime.
Finally, we investigate on the behavior of the Weyl
tensor. To do so we use the useful equation derived from
the Bianchi identity [29];
††This definition is straightforward one from the definition
of asymptotically 4-dimensional AdS spacetimes [28–30]. It
should be noted, however, that this definition is rather week
so that the black-string solutions [32] are included.
4
Ω∇ˆ[aSˆb]c +Ω−2gˆc[aLb]dnˆd
+
n− 2
2
Cˆabcdnˆ
d = ∇ˆ[a(Ω−1Lb]c), (39)
where
Sab =
(n)Rˆab − 1
2(n− 1) gˆab
(n)Rˆ (40)
and
Lab = Ω
2
(
(n)Rab − 1
2(n− 1)
(n)gab
(n)R
)
. (41)
From Eq (39), we obtain
(n)Cµνλρn¯
ρ = 0, (42)
and then
(n)Eµν :=
(n)Cµλνρn¯
λn¯ρ = 0, (43)
(n)Bµνλ := qµ
ρ(n)Cρνλσ n¯
σ = 0, (44)
on I. Note however
(n)Cµνλρ 6= 0, (45)
in general even on I. There is the substantial difference
from the (n = 4)-dimensions, in which (4)Cµνλρ = 0 on
I [29].
IV. SUMMARY
In this paper, we have shown that the bulk spacetimes
with negative cosmological constant naively evolve to the
anti-de Sitter spacetime. However, the induced structure
of the brane cannot be fixed. What we can conclude is
only that the local structure on the brane will be rela-
tively spread due to the negative cosmological constant.
This statement is useful to discuss the mass hierarchy
problem, the localisation of gravity and the cosmological
constant problem.
In order to show the no-hair theorem, we have used the
positivity condition of the Ricci scalar of probe branes.
This might be justified via the Witten-Yau’s stability
argument [26]. It is stressed that the no-hair theorem
is valid when we consider the foliation by empty probe
branes.
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APPENDIX A: CALCULATIONS
The conformal transformation of Ricci tensors gives us
Ω−2
(
Rµν − 1
2
ηµνR+ Ληµν
)
= Rˆµν − 1
2
ηµνRˆ+ (n− 2)Ω−1∇ˆµ∇ˆνΩ
− (n− 2)Ω−1ηµν∇ˆα∇ˆαΩ
+
(n− 1)(n− 2)
2
Ω−2∇ˆαΩ∇ˆαΩηµν +Ω−2Ληµν . (A1)
Looking at the Ω-dependence in Eq (A1), we see
Nˆ2 := gˆµν nˆ
µnˆν = − 2Λ
(n− 1)(n− 2) +O(Ω) (A2)
∇ˆµnˆν − 1
n
ηµν∇ˆαnˆα = 1
n− 2Ω
−1
(
Rµν − 1
n
ηµνR
)
− Ω
n− 2
(
Rˆµν − 1
n
ηµνRˆ
)
(A3)
and
∇ˆµnˆµ = − 1
2(n− 1)ΩRˆ−
1
(n− 1)(n− 2)κ
2
nTΩ
−1
+
n
2
Ω−1
[
nˆµnˆ
µ +
2
(n− 1)(n− 2)Λ
]
. (A4)
Using the conformal rescaling, Ω −→ Ω˜ = Ωω, we
obtain the following transformation:
∇˜an˜a = 1
ω
∇ˆanˆa + n
ω2
nˆa∇ˆaω
+(n− 2)Ωω−3∇ˆaω∇ˆaω + Ω
ω2
∇ˆa∇ˆaω. (A5)
Let us choose ω so that nω−1nˆa∇ˆaω = −∇ˆanˆa. Then
we are resulted in ∇ˆanˆa = O(Ω). Moreover, using of the
rescaling, ω = ω0 + Ω
2f(x) such that nˆa∇ˆaω0 = 0, and
choosing the function f(x) appropriately, we can show
∇ˆµnˆµ = O(Ω2). (A6)
From Eq (A1) we then see
nˆαnˆ
α +
2
(n− 1)(n− 2)Λ =
Ω2
n(n− 1) Rˆ+O(Ω
3). (A7)
Since we can write ∇an¯a as
∇an¯a = −(n− 1)Nˆ + Ω
Nˆ
∇ˆanˆa − Ω
Nˆ2
nˆa∇ˆaNˆ, (A8)
we obtain Eq (36) in the text. In the same way, we can
derive Eq (37).
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